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Abstract. Let Ai,A2 be standard operator algebras on complex Banach spaces Xi,X2, 
respectively. For k > 2, let (ii, . . . , i m ) be a sequence with terms chosen from {1, . . . , k}, and 
define the generalized Jordan product 

Ti o • • • o J*. = Ti x ■ ■ ■ T im + T im ■ ■ • Tjj 

on elements in Ai. This includes the usual Jordan product A\ o A2 = A1A2 + A2A1, and 
the triple {Ai, A2, A3} = A1A2A3 + A3A2A1. Assume that at least one of the terms in 
(ii, . . . ,i m ) appears exactly once. Let a map $ : Ai — s* A2 satisfy that 

a($(Ai) o ■ ■ ■ o $(A fe )) = cr(Ai o • • • o A k ) 

whenever any one of A\, . . . , A k has rank at most one. It is shown in this paper that if the 
range of $ contains all operators of rank at most three, then $ must be a Jordan isomorphism 
multiplied by an mth root of unity. Similar results for maps between self-adjoint operators 
acting on Hilbert spaces are also obtained. 



1. Introduction 

There has been considerable interest in studying spectrum preserving maps on operator 
algebras in connection to the Kaplansky's problem on characterization of linear maps between 
Banach algebras preserving invertibility; see [161 El 1201 12] ■ Early study focus on linear 
maps, additive maps, or multiplicative maps; see, e.g., [17] . Moreover, researchers considered 
maps preserving different types of spectra of operators such as the approximate spectrum, left 
invertible spectrum, right invertible spectrum, etc. Despite these variations, the maps often 
have the standard form 

A ^ S^AS or A ^ S" 1 ^*^ 

for a suitable invertible operator S, and A* is the dual of A if A is a (bounded linear) operator 
between reflexive spaces. Many interesting techniques have been developed to derive these 
standard forms under different settings. 

Date: October 6, 2009; a revision submitted to LAA. 

2002 Mathematical Subject Classification. Primary 47B49; 47A12. 

Key words and phrases. Standard operator algebra, spectral functions, Jordan triple-products of operators, 
skew products of operators, nonlinear-preserving problems. 

Research of the first, second and third author was partially supported by NNSFC and PNSFS of China, by 
USA NSF and HK RCG, and by Taiwan NSC grant (NSC96-2115-M-110-004-MY3), respectively. The research 
began while the first author was visiting the College of William and Mary in the Fall of 2005 supported by the 
Freeman Foundation. 



2 



JINCHUAN HOU, CHI-KWONG LI, AND NGAI-CHING WONG 



Recently, researchers have improved the results on spectrum preserving maps by showing 
that the map has the standard form under much weaker assumptions; see, e.g., \22\ [2Tj [Sj 
mO [13]. For example, in [12], we characterize maps $ (not assumed to be linear, additive or 
continuous) between standard operator algebras Ai,A2 (not necessarily unital or closed) on 
complex Banach spaces Xi, X2, respectively, such that a($>(Ai)*- ■ -*$(Afc)) = a(A\ *■ ■ -*A k ) 
whenever any one of Afs is of rank at most one. Here, T\ * • • • *T k = Ti x ■ ■ ■ T- lm for a sequence 
(ii,..., i m ) with terms in {1, . . . , k} such that one of the terms appears exactly once. Such 
product covers the usual product T\ * • • • * T k = T\ ■ ■ ■ T k , and the Jordan triple product 
T\ * T2 = T2T1T2. It is interesting to note that we can get the conclusion by requiring the 
spectrum preserving properties for low rank operators. In particular, we do not need to 
consider different types of spectra for such operators, as all of them coincide in this case. The 
list includes the left spectrum, the right spectrum, the boundary of the spectrum, the full 
spectrum, the point spectrum, the compression spectrum, the approximate point spectrum 
and the surjectivity spectrum, etc. Thus, our results in |12j unify and generalize several recent 
results of various spectrum preservers, see, e.g., 0[9]. 

In this paper, we continue this line of study. In particular, we consider the generalized 
Jordan products of operators defined below. 

Definition 1.1. Fix a positive integer k and a finite sequence %2-, ■ ■ ■ , i m ) such that 
{ii, 12, ■ ■ ■ , i m } = {1)2, ...,k} and there is an i p not equal to i q for all other q. Define a 
product for operators T±, . . . ,Tk by 



Evidently, this definition covers the usual Jordan product T1T2 + T2T1, and the triple one: 



In the following, for i = 1,2, let Xi be a complex Banach space, and Ai be a standard 
operator algebra on Xj, i.e., Ai contains all continuous finite rank operators on Xi. In 
particular, the Banach algebra B(Xi) of all bounded linear operators on Xi is a standard 
operator algebra. Note that we do not assume a standard operator algebra is unital or 
closed in any topology. Recall that a Jordan isomorphism <I> : A\ —> A2 is either an inner 
automorphism or anti-automorphism. In this case, a(Q(Ai) o • • • o &(Ak)) = cr(Ai o ■ ■ ■ o A^) 
holds for all Ax,... , A^. We will show that the converse is also true. It is interesting that 
consideration of low rank operators is again enough to ensure the conclusion of the converse 
statement. 

Theorem 1.2. Consider the product T\ o- ■ -oTp, defined in Definition \l.l[ Suppose $ : A\ — )■ 
A2 satisfies 



T x o-.. 



oT k =T il --- T im + T im --- T h . 



{Tx, T 2 , T 3 } = T X T 2 T Z + T Z T 2 T X . 



(1.1) 



<t($(Ai) o • • • o $(A k )) = a(A 1 o • • • o A k ). 
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whenever any of A\,--- , has rank at most 1. Suppose also that the range of 9 contains 
all operators in A2 of rank at most 3. Then one of the following conditions holds. 

(1) There exist a scalar A with A m = 1 and an invertible operator T in B{X\,X2) such that 

9(A) = XT AT' 1 for all A in A!. 

(2) The spaces X\ and X2 are reflexive, and there exist a scalar A with X m = 1 and an 
invertible operator T € B(Xl,X2) such that 

9(A) = \TA*T~ l for all A in A\. 

We remark that if the condition (1) or (2) in Theorem 11.21 holds, then 9 satisfies (jl.ip for 
all A\, . , . , A/- in A\. In fact, 9 preserves different kinds of spectra of A\ o • ■ • o A^. For the 
generalized Jordan products of rank at most two appearing in (jl.ip . all such kinds of spectra 
coincide, however. So our results do unify, strengthen, and generalize several theorems in 
literature. See, e.g., [12, Remark 3.3]. Remark also that the linearity and continuity of 9 are 
parts of the conclusion. The proof of Theorem 11.21 is given in Section 3. 

We also have a version for maps between the Jordan algebras of self-adjoint operators on 
Hilbert spaces, given in Section 4. 

We note that our results are new even for the classical Jordan product AB + BA and triple 
ABC + CBA. Similar to other papers, a crucial step in our proof is to show that the map 9 
actually preserves rank one operators. To this end, we provide some new characterizations of 
rank one operators in term of the spectra of their Jordan products with rank one operators 
in Section 2. Nonetheless, the technique we employ in this paper is quite a bit different from 
those we usually see in the literature, e.g., [lll[lll[2^[2Tl[6l[8ll9llil[71[T3]. 

Finally, we would like to thank the Referee for his/her careful reading and helpful comments. 

2. Characterizations of rank one operators 

Lemma 2.1. Suppose r and s are integers such that s > r > 0. Let A be a nonzero operator 
on a complex Banach space X of dimension at least three. The following conditions are 
equivalent. 

(a) A has rank one. 

(b) o~(B r AB s + B s AB r ) has at most two distinct nonzero eigenvalues for any B in B(X). 

(c) There does not exist an operator B with rank at most three such that B r AB s + B s AB r 
has rank three and three distinct nonzero eigenvalues. 

Proof. The implications (a) =4> (b) =^ (c) are clear. 

To prove (c) =4> (a), we consider the contrapositive. Suppose (a) is not true, i.e., A has 
rank at least 2. 

If A has rank at least 3, then there are xi, X2, X3 S X such that {Ax\, Ax2, Ax^} is linearly 
independent. Consider the operator matrix of A on the span of {x\, X2, X3, Ax±, Ax2, Ax-$} 
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and its complement: 




Then An 6 M n with 3 < n < 6. By |12|, Lemma 2.3], there is a nonsingular U on the span 
of {xi, X2, X3, Axi, Ax2, Ax%} such that U~ 1 AnlI has an invertible 3-by-3 leading submatrix. 
We may further assume that the 3-by-3 matrix is in triangular form with nonzero diagonal 
entries a\ , a 2 , a 3 . Now let B in A have operator matrix 




where UBulI -1 = diag (1, i>2> ^3) © n _3 with Bu using the same basis as that of An and 
62, &3 being chosen such that a\, a2b r 2 +s , a^b^ +s are three distinct nonzero numbers. It follows 
that B r AB S + B s AB r has rank 3 with three distinct nonzero eigenvalues. 

Next, suppose A has rank 2. Choosing a suitable space decomposition of X, we may assume 
that A has operator matrix A\ © 0, where A\ has one of the following form. 





fa 





b\ 




fa 









f 


1 




i) 











, (ii) 


















i) 




I 





cj 




v 





I J 




x 









If (i) holds, set 6 = tt/s. Then cosrO ^ ±1 and cos r9 7^ ±V cos 2r9. Let d > such that 
a(cosr6 ± V cos 2r6), —2cd r+s are three distinct nonzero numbers. Let B £ A be represented 
by the operator matrix 

/ cos 9 — sin 9 \ 

sine cosfl 0. 
\ d J 

Then B s = -I 2 © [d s ] © 0, and -(B r AB s + B s 4B r ) has operator matrix 



/ 2a cos r6 
a sin r# 

V 



-asinrt 






which has rank 3 with three distinct nonzero eigenvalues a(cosr# ± Vcos 2r9),-2cd r+s . 

Suppose (ii) holds. Let d > be such that 2ad r+s , s + r ± 2-^/rs are three distinct nonzero 
numbers. Then construct i? by the operator matrix 
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Then B r AB s + B s AB r has operator matrix 



2ad r+s \ 
s + r 2 
2rs s + r / 



0, 



( 


i 


o \ 








1 


V i 





o / 



which has rank 3 with three distinct nonzero eigenvalues 2ad r+s , s + r ± 2^/rs. 

Suppose (hi) holds. First, assume that s = 2r. Let B be such that B r has operator matrix 



0. 



Then B r AB s + B s AB r has operator matrix 

/ 1 
1 
\ 2 

which has rank 3 with three distinct nonzero eig envalues: 2 1 / 3 , 2 1 /V 2?r / 3 , 2 1 / 3 e iAn / 3 . 

Next, suppose s/r / 2. Then s > 2 and 2r/s is not an integer. Let 9\ = 2tt/s, 02 = 47r/s. 



Then 1 , e irdl , e ird2 are distinct because e l47rr / s 



i27r(2r/s) 



7^ 1 and e 



/ 1. Thus, there exists an invertible S 6 M3 such that 



/ 1 

e ird 

\ 

Let -B have operator matrix 



\ 




( 1 
1 

V 





a ir9\ 



\ 



s. 



( 1 



5 



e 



\ 


je 2 J 



0. 



\ 

The operator matrix B s = I3 © and the operator matrix of B r has the form 

\ 



/ 1 







o ir0i 












\ 




\ e i; 

Then B r AB s + B s AB r = AB r + £TA has operator matrix 



Jr02 



0. 



/ 1 l + e irf>1 




\ 



3 






e ir6»i _|_ e ir6»2 



0, 



which has rank 3 with three distinct nonzero eigenvalues. 
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If (iv) holds, then X has dimension at least 4. We may use a different decomposition of X 
and assume that A has operator matrix 





Let 9 = tt/ (2 (r + s)) and d > be such that 1 ± v / sin(2r6') sin(2s0) and d r+s are 3 distinct 
nonzero numbers, and let B be an operator in B(X) such that B l has operator matrix 



B 



I COSi 

sin^ 

V o 




for any positive integer I. Then B r AB s + B s AB r has operator matrix 



sin((r + s)0) 2 cosrO cos s9 \ 
2 sin r6> sin s# sin((r + s)9) 

d r+s J 



0, 



which has rank 3 with three distinct nonzero eigenvalues. 



Lemma 2.2. Suppose s is a positive integer. Let X be a complex Banach space of dimension 
at least three. Let A 6 B(X) be such that A 2 / 0. Then the following are equivalent. 

(a) A has rank one. 

(b) a(AB s + B S A) has at most two distinct nonzero eigenvalues whenever rank(S) < 3 and 
rank(AB s + B S A) < 3. 

Proof. One direction is trivial. Suppose A has rank at least 2 such that A 2 ^ 0. First assume 
that A has rank 2. Choosing a suitable decomposition of X, we may assume that A has 
operator matrix A\ © 0, where A\ has one of the following form 



(i) 



/ a b \ 


\ c / 



(ii) 



/ a \ 
1 

\ o o o / 



(hi) 



/ 1 \ 
1 

\ o o o / 




Since A 2 / 0, (iv) is impossible. If (i) holds, set 6 = tt/(2s + 1) so that coss6> / ±a/cos 2s8. 
Let d > such that a(cos s9 ± V cos 2s0) , 2cd s are three distinct nonzero numbers. Let B have 
operator matrix 

/ cosd -sin0 \ 



sin^ 




cos I 





d ) 



0. 
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Then similar to the proof of Lemma |2, 11 we see that AB S + B S A has operator matrix 



/ 2a cos st 
as'msO 
\ o 



-asinsO * 
* 
2cd s 



which has rank 3 with three distinct nonzero eigenvalues a(cos s9 ±Vcos 2s6),2cd r+s . 

Suppose (ii) holds. Let d > be such that 2d, d ± \J a 2 + d 2 are three distinct nonzero 
numbers. Since the matrix 

/ 1 
C= 1 
V 2d 2 

is similar to a matrix with distinct eigenvalues —1,1,2, there exists an operator B of rank 
3 such that the operator matrix of B s equals C © 0. It follows that the operator matrix of 
AB S + B S A is 

/ a 1 \ 

a 2d 2 
V 2d ) 



0, 



which has rank 3 and distinct nonzero eigenvalues 2d, d ± \/a 2 + d 2 . 
Suppose (hi) holds. Since the matrix 



C 



has distinct eigenvalues 0,1,2, there exists an operator B of rank 2 such that the operator 
matrix of B s equals C © 0. Then AB S + B S A has operator matrix 





which has rank 3 with three distinct nonzero eigenvalues 1,2,3. 

Now, suppose A has rank at least 3. Since A 2 ^ 0, there is x G X such that A 2 x ^ 0. We 
consider 3 cases. 

Case 1. There is x G X such that [x, Ax, A 2 x] has dimension 3. Decompose X into 
[x, Ax, A 2 x] and its complement. The operator matrix of A has the form 

/ ci * \ 

1 C2 * 
1 C3 * 

\ * * / 



8 JINCHUAN HOU, CHI-KWONG LI, AND NGAI-CHING WONG 

Note that for t > 0, the matrix 



/ 2t 1 \ 



C 



t 2 

V o o o / 

has three distinct eigenvalues: 2t, t, 0. So, there is B\ of rank 2 such that Bf = C. Let B have 

' tR 1 + R 2 * ' 



operator matrix Si © 0. Then j4£> s + B S A has operator matrix 











where 



Ri 




and 



i?2 




Since R2 has distinct eigenvalues 1, 2, 3, the matrix tR\ + R2 will have three distinct nonzero 
eigenvalues for sufficiently small t. Hence, AB S + B S A has rank 3 with three distinct nonzero 
eigenvalues. 

Case 2. Suppose Case 1 does not hold, and there is x G X such that A 2 x 7^ and 
[x, Ax, A 2 x] has dimension 2. Clearly, we cannot have Ax = Ax. Otherwise, [x, Ax, A 2 x] has 
dimension 1. Hence, A 2 x = b\x + b 2 Ax so that (61,62) 7^ (0,0). Since A has rank at least 
three, there is y G X such that j4y ^ [x, ^4x]. We claim that there is a decomposition of X so 
that A has operator matrix 



(2.1) 



where Aq G M3 is in upper triangular form of rank at least 2 and with at least one nonzero 
eigenvalue. 

To prove our claim, suppose Ay = c\x + c 2 Ax + c%y with C3 7^ 0. Using [x,Ax,y] and its 
complement, the operator matrix of A has the form 





with 



/ 61 ci 
1 6 2 c 2 
V c 3 



where ^4i has rank at least 2. Since (61,62) 7^ (0,0), the matrix A\ has at least two 
nonzero eigenvalues including C3. We may replace {x,Ax,y} by a linearly independent family 
{x\, x 2 , £3} in [x,Ax,y] so that the operator matrix of A has the form described in (|2.1|) . 

Next, suppose Ay ^ [x,Ax,y]. Note that [y, Ay, A 2 y] has dimension 2 by our assumption 
in Case 2. In this subcase, Ay 7^ Ay. So, A 2 y = diy + c^Aj/ with (d\,d 2 ) 7^ (0,0). With 
respect to [x, ^4x, y, Ay] and its complement in X, the operator matrix of A has the form 




with 



A, 
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Since (61,62) / (0,0) and (di,d 2 ) / (0,0), A2 has rank at least 2 and at least 2 nonzero 
eigenvalues. We may choose an independent family {x\, X2, X3, X4} in [x, Ax, y, Ay] so that 
the operator matrix of A2 with respect to [x±, x.2, X3, X4] is in upper triangular form, whose 
leading 3-by-3 submatrix Aq has rank at least 2 and has at least one nonzero eigenvalue. 
So, the operator matrix of A with respect to [x±, £2, X3] and its complement has the form 
described in (2.2). So, our claim is verified. 

Now, if Aq in (2.2) is invertible, then there is B with operator matrix B\ © 0, where 
B\ = diag (1, 62, 63), and AB S + B S A has operator matrix 

/ A B{ + B(A * \ 

{ o)' 

which has rank 3 with three distinct nonzero eigenvalues. Suppose Aq is singular. Since Aq 
in (2.2) has rank two and at least one nonzero eigenvalue, we may assume that Aq has the 
forms 

/ a 6 \ / a \ 




V c / 



or 



1 
\ / 



In each case, we can use the arguments in the proof when A has rank 2 to choose B with 
operator matrix Bi © so that B\ G M 3 and AB S + B S A has operator matrix 

/ A B( + BfA * \ 
{ oj' 

which is a rank 3 operator with three distinct nonzero eigenvalues. 

Case 3. Suppose [x, Ax, A 2 x] has dimension one for any nonzero x in X. Then A is a scalar 
operator. Let B have operator matrix diag (1,2, 3) © 0. Then AB S + B S A has rank 3 and 
three distinct nonzero eigenvalues. ■ 



Corollary 2.3. Suppose s is a positive integer. Let X be a complex Banach space X of di- 
mension at least three, and let A in B(X) be nonzero. The following conditions are equivalent. 

(a) A has rank one, or A has rank two such that A 2 = 0. 

(b) a{AB s + B S A) has at most two distinct nonzero eigenvalues for any B in B{X). 

(c) There does not exist an operator B with rank at most three such that AB S + B S A has rank 
at most six with three distinct nonzero eigenvalues. 

Proof, (a) =^ (b). If A has rank one, then (b) clearly holds. If A has rank two and A 2 = 0, 
then there is a decomposition of X such that A has operator matrix 

/ 2 l 2 \ 

o 2 o 2 . 
V 00/ 
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So, for any B in A such that B s has operator matrix 



f B n B u B 13 
B 2 i B 2 2 B 2 3 
\ B 3 i B 32 -B33 



AB S + B s A has operator matrix 



/ B 2 \ B22 + Bu B23 \ 
B 2 i 

B 31 / 



whose nonzero eigenvalues are the same as those of B 2 i G M2. Thus, there are at most two 
nonzero distinct eigenvalues. 

The implication (b) =^ (c) is clear. 

Finally, we verify the implication (c) =4> (a). If (c) holds, by Lemma 12,2} we see that A is 
either rank 1 or A 2 = 0. If A 2 = 0, we claim that A has rank at most 2. If it is not true, 
then we can find x%, X2, x 3 in X such that {Ax\, Ax 2 , Ax 3 } is linearly independent. Then with 
respect to [x±, X2, x 3 , Ax±, Ax2, Ax 3 ] and its complement, the operator matrix of A has the 
form 

/ 3 3 
h 3 

\ 

Let B G B (X) have rank 3 with three distinct nonzero eigenvalues such that B s has operator 
matrix 

/ D D X 

V °3 03, 

Then AB S + B S A has rank 6 and 3 distinct eigenvalues. Our conclusion follows. 



0, 



with D = diag (1, 2, 3). 



3. Maps preserving spectrum of generalized Jordan products of low rank 

Theorem 11.21 clearly follows from the special case below, by considering Ai p = A and all 
other Ai q = B. 

Theorem 3.1. Suppose a map $ : A\ — > A2 between standard operator algebras satisfies 
(3.1) o-(&(B) r (fr(A)(fr(B) s + <S>(B) s $(A)<5>(B) r ) = a(B r AB S + B s AB r ), 

whenever A or B has rank at most one. Suppose also that the range of $ contains all operators 
in A2 of rank at most 3. Then one of the two assertions in Theorem \1.2\ holds with m = 
r + s + 1. 
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We note that the case when s = r > has been verified in [12]. So, unless specified 
otherwise, we will assume s > r > in the rest of this section. In below, we first show that 
in Theorem 13.11 is injective. 

For a Banach space X denote by X\(X) the set of all rank one idempotent operators in 
B(X). In other words, 1\{X) consists of all bounded operators x ® f with x G X, f G X* 
and (x,f) = f(x) = 1. 

Lemma 3.2. Let A, A' G B(X) for some Banach space X. Suppose 

(Ax,f)=0 if and only if (A'x,f)=0, Mx <g> / G Xy (X) . 
Then A' = XA for some scalar X. 

Proof. First suppose there is a nonzero x in X such that Ax = ax for some nonzero scalar a. 
Then for any / in X* with (x, f) ^ 0, we have (Ax, f) ^ 0, and thus (A'x, f) ^ 0. Hence, 
A'x = fix for some nonzero scalar /3, and Ax, A'x are linearly dependent. 

Then suppose {x, Ax} is linearly independent. Choose any x ® / in Xy(X) with (Ax, f) = 0. 
Then for any g in X* with (x, g) = 0, we have (x, f + g) = 1. If (Ax, g) = then (Ac, f + g) = 
0, and thus f + g) =0. This eventually gives (A'x, g) = 0. Thus, together with the 
assumption, we see that Ax, A'x are linearly dependent again. 

If A has rank one then the assertion is plain. Assume Ax, Ay are linearly independent for 
some x, y in X. Then A'x = X x Ax, A'y = X y Ay and A'(x + y) = X x + y A(x + y) for some 
scalars X x , X y and X x + y . This forces X x = X y = X x + y . So the assertion follows. ■ 

Lemma 3.3. Suppose r and s are nonnegative integers with (r, s) ^ (0, 0). Let X be a complex 
Banach space. If A, A' G B(X) satisfy 

a(B r AB s + B*AB r ) = a(B r A'B s + B s A'B r ), VS G X 1 (X), 

then A = A'. 

Proof. We may suppose that A' ^ since it is obvious that a(B r AB s + B s AB r ) = {0} for 
all rank one idempotents B implies that A = 0. 

Assume first that s > r > 0. Then the assumption implies that a(BAB) = a(BA'B) and 
hence f(Ax) = tr(BAB) = tr(BA'B) = f(A'x) for all rank one idempotents B = x ® / '. By 
Lemma 13.21 we see that A' = A. 

Assume then that s > r = and write the rank-one idempotent B in the form B = x (g> / 
with (x, f) = 1. Then AB S + B S A = AB + BA, and either 

(i) tr (AB + BA) is the sum of the elements in a(AB + BA), or 

(ii) AB + BA has rank two and a repeated nonzero eigenvalue so that tr (AB + BA) is 
twice the sum of the elements in a(AB + BA). 

Therefore, tr (AB + BA) = if and only if a(AB + BA) = {0} or {a, -a, 0} for some 
nonzero a. Since a(AB + BA) = ct( j 4'B + BA'), we see that tr (AB + 5 A) = if and only if 
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tr (A'B + BA') = 0. It follows from Lemma 13.21 again that A' = XA for some scalar A. But 
the spectrum coincidence implies A = 1. ■ 



As a direct consequence of Lemma 13.31 and the condition (|3.ip , we have 

Corollary 3.4. Let $ satisfy the hypothesis of Theorem \3.1[ Then <I> is injective, and <3?(0) 
0. 

In the following, we present the proof of Theorem 13.11 in several steps. 



3.1. The case dimX2 = 1. We claim dimXi = 1. Suppose on contrary that dimXi > 2. 

1 




Let &(A) = \a £ C. Then for the rank one idempotent B = I | © in Ai we have by 



(I3~TD that A^ +s+1 = 1. Moreover, 

a{B s AB r + B r AB s ) = a(2X A X r + s ), VA G A x . 

( 2a b\ ( a b\ 

If r = then BA + AB = © for any A = © in A\. In particular, 

I c J \ c d J 

BA + AB can have two distinct eigenvalues for some choices of a, b, c. This contradiction 

forces dimXi = 1. If r > then we will have 

tr (BAB) = X A X r ^ s , VAeAi. 

Thus 

= X A = X B tr (BAB), VA G Ai. 
Using another rank one idempotent B' in place of B we will have the same conclusion. Hence, 

A B tr (BAB) = A B /tr (B' AB'), VA € ^i. 

This is possible only when dimXi = 1. In both cases, we see that $ : C — > C is an algebra 
isomorphism given by $(a) = Xa with A r+S+1 = 1. 

3.2. The case dim^2 = 2. We first claim that dimXi > 2. Suppose on contrary that 
dimX = 1. Write $(a) = A a . By (|3TT]> . 

a(A s pA a A r p + AjjAvA'p) = {2a/3 r+s }, Va, p G C. 

By the surjectivity of <3?, we assume A a = ^ ^ . Then A^ s+1 has two distinct eigenvalues 

1 and 2 r+s+1 , a contradiction. 

The following lemma verifies Theorem 13.11 for the case when dimX2 = 2. Indeed, similar 
arguments can be used to study the cases when 2 < dimX2 < dimXi < oo. Anyway, we will 
use a unified arguments for all the cases when dimX2 > 3 in the next subsection. 
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Lemma 3.5. Let n > 2 be a cardinal number. Denote by V n either a standard operator 
algebra on a Banach space of dimension n, or the Jordan algebra of all self-adjoint bounded 
operators on a Hilbert space of dimension n. Denote by M 2 the algebra of all 2 x 2 matrices. 
Let $ : V n ->■ M 2 satisfy 



whenever A and B in V n have rank one. Then n = 2, and there is an mth root of unity, A, 
and an invertible operator S such that assumes either the form 



Proof. We first note that V n contains a copy of V 2 . So we can assume that $ is a map from 
V 2 into M 2 . Let A be a rank one orthogonal projection. Then B G V 2 satisfies 



if and only if A r BA s + A s BA r has distinct eigenvalues. Thus, the set S of all such matrices 
B form an open dense set of V2. Thus, for four linearly independent rank one orthonormal 
projections Ai, A2, As, A4, we get a dense set S of matrices B G V 2 such that A r -BA S - + A r -BA S - 
has two distinct eigenvalues for j = 1, . . . , 4. For each B G S, the rank at most two operator 
A r BA s + A s BA r has two distinct eigenvalues, and so is <S>(A) r $(B)$(A) s + $(A) s <S>(B)<S>(A) r 
for all A G {Ai, ... , A 4 } and B £ S. It follows that for m = r + s + 1 

2tr (AS) = 2tr (i m_1 5) = tr (A r BA s + A s £M r ) 

= tr (&(A) r <fr(B)<fr(A) s + $(A) s $(B)$(A) r ) = 2tr ($(A) m_1 $(B)) 

for all A G {^i, . . . , A 4 } and B £ S. For X = (xy) G M 2 , let = (in x 12 x 2 i x 22 ) f . 

Form the 4x4 matrices 



(3.2) 



a(B r AB s + B s AB r ) = 0-{<$>{B) r <5>{A)<5>{B) s + <f>(B)*$(A)$(B) r ) 



$(X) = XS^XS or $(X) = XS^ 1 X t S. 



[tr (A r BA s + A s BA r )} 2 / 4 det(A r BA s + i s B J 4 r ) 



12=[t;(Ai)|t;(A 2 )K^3)|t;(^4)] 



t 



and 




and 



then 



f = [v(^(B 1 ))\v(^(B 2 ))\v(^(B 3 ))\v(^(B A ))], 
RT = RT. 
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Since the left side is the product of two invertible matrices, the two matrices on the right side 
are invertible. So, R~ l Rv(B) = v(<&(B)) for all B G S. Consider the linear map : V2 — > M2 
such that 

R- l Rv{B) = 

Then 

a(A r BA s + A s BA r ) = a($(A) r $(B)$(A) s + $(A) s $(B)$(A) r ) 

for all A, B G 5. By the continuity of X 1— > o~(X), we see that the set equality holds for all 
A,B£ W Let A = B be a rank one orthogonal projection. Since o~(A m+1 ) = a(^(A) m+l ), 
we see that &(A) is similar to Adiag(l,0) with A m+1 = 1. By a connectedness argument, we 
see that such A is the same for every rank one orthogonal projection. Dividing $ by A, we can 
assume A = 1. By Lemma |3.3| we see that $ sends exactly zero to zero. In case A is a rank 
one square zero matrix, a(&(A) m ) = a(A m ) = {0}, and thus &(A) is also a rank one square 
zero matrix. 

Write every invertible self-adjoint matrix A in V2 as a linear sum of two orthogonal rank 
one projections. By f)3.2[) . we see that $ sends orthogonal rank one projections to orthogonal 
rank one projections. Hence &(A 2 ) = &(A) 2 for all self-adjoint 2x2 matrices. It follows that 
$(AB + BA) = $(A)$(B) + $>(B)$(A) for all self-adjoint 2x2 matrices. If V 2 = M 2 then 
$((A + iB) 2 ) = §(A 2 ) + i$(AB + BA) + &(B 2 ) = <S>(A + iB) 2 , whenever A, B are self-adjoint 
2x2 matrices. Consequently, $ has the standard form X 1— > S~~ 1 XS orJi-> S~ 1 X t S, where 
S is an invertible 2x2 matrix. Note that = $(X) for all X G S. We may modify / 

and assume that 3>(X) = X for all So, for any X G V \ S, 

a(B r XB s + B s XB r ) = o{B r $(X)B s + B s $(X)B r ) 

for all B G S. One can then argue that &(X) = X by Lemma 13.31 Finally, by Corollary 13.41 
we see that is injective, and thus n = 2. ■ 

3.3. The case dimX2 > 3. Here are some technical lemmas. 

Lemma 3.6. Let X be a complex Banach space and A G B(X). Assume that x (g) / G B(X) 
is a rank one idempotent. Then the at most rank two operator A(x <%> /) + (x <%> f)A has 

(1) a nonzero repeated eigenvalue if and only if (Ax, f) 7^ and (A 2 x, f) = 0; 

(2) two distinct nonzero eigenvalues if and only if (A 2 x,f) 7^ and (A 2 x,f) 7^ (Ax,f) 2 . 

Proof. (1) Assume that B = A(x® + f)A = Ax® f +x®A* f has rank two and a nonzero 
repeated eigenvalue A. Then (Ax, f) = |tr(A(j; (8) /) + (x <g> f)A) = A 7^ 0. Furthermore, let 
u = Ax — Xx and g = A* f — Xf. Then (x,g) = (u, f) = 0. In a space decomposition with 
basic vectors u, x, the operator B has a matrix form 

( 1 \ 

£ = 0. 

V («>3> 2A / 
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Hence, the spectrum of B contains the zeros of t 2 — 2Xt — (u,g), which gives the repeated 
eigenvalue A of the operator. We have (u, g) = —A 2 . So, (A 2 x, f) = (Ax, A* f) = A 2 + (u, g) = 
0. 

Conversely, if (Ax, f) = A 7^ and (A 2 x, f) = 0, then Ax = Xx + u and A*f = Xf + g with 
(u, /) = (x,g) = and (u,g) = —A 2 . This implies that A is a repeated nonzero eigenvalue of 
Ax® f + x® A*f. 

(2) Use the same notations as in the proof of (1). If A(x ® /) + {x ® f)A has two distinct 
nonzero eigenvalues, then, by (1), (A 2 x,f) = (Ax,A*f) = X 2 + (it, 5) = (Ax,f) 2 + (u,g) / 
and (u,g) / 0. Thus, (A 2 x,f) 7^ (Ax,f) 2 . The converse is clear. ■ 

Lemma 3.7. Let X be a complex Banach space of dimension at least two, and let Ai £ B(X) 
with A 2 ^ 0, i = 1,2,3. Then, the set of rank one idempotent operators P G B(X) satisfying 
that every A; L P + PAi, i = 1,2, 3, has two distinct nonzero eigenvalues is dense in the set of 
all rank one idempotents in B(X). 

Proof. Let P = x® f be a rank one idempotent. By Lemma [3. 6 1 if AP + PA does not have two 
distinct nonzero eigenvalues, then (A 2 x,f) = or (A 2 x,f) = (Ax,f) 2 . Let e > be a small 
positive number. Assume (A 2 x, f) = 0. If A 2 x 7^ 0, take h 6 X* such that (A 2 x, h) 7^ and let 
P £ = (l + e(x,h))- l x®(f + eh); if A 2 x = and there exists u £ X such that (A 2 u,f) / 0, let 
P £ = (l + e(u, f))~ l (x + eu)® f; if A 2 x = and there exists nouGl such that (A 2 u,f) / 0, 
take u and h such that (A 2 u, h) 7^ and let P £ = (x + eu, f + eh)~ 1 (x + eu) <g) (/ + e/i). If 
(A 2 x, f) = (Ax, f) 2 7^ 0, take any u so that {x, u} is linearly independent and (Au, f) 7^ 0, and 
let P £ = (l+e(u, f))~ 1 (x+eu)(df. In any case, for sufficient small e, the rank one idempotent 
P £ = x £ 8) / £ satisfies that (A 2 x £ ,f £ ) 7^ 0, ( J 4 2 x e ,/ £ ) 7^ (Ac e , / £ } 2 , lim e ^ Ike ~ x\\ = an d 



For given Ai, i = 1,2, 3, in the lemma, and for any given positive number 5 > 0, by Lemma 
13.61 we have to show that for any rank one idempotent P there exists a rank one idempotent 
Q = u(g>h with ||P - Q\\ < 6 such that (A 2 u, h) 7^ and (^ 2 u, /i) / h) 2 , i = l,2, 3. 

Given 5 > 0. If the rank one operator P = x ® / is such that (^4 2 x, /) = or (A 2 x, f) = 
(A\x,f) 2 , then, by what has been proved in the previous paragraph, there exists a rank 
one idempotent Q\ = u\ <8> h\ such that ||P — Qi|| < ^5, (A\ui,h\) 7^ and (A\ui,h\) 7^ 
(Aiiti, hi) 2 . If both (A 2 ui,hi) 7^ and (j4 2 iii,/ii) 7^ (Ajiii,/ii) 2 hold for i = 2,3, then we are 
done. If, say, (iln^lj^i) = or (A^m,h\) = (A2U\,h\) 2 , there exists a rank one idempotent 
Q2 = U2 <8> /i2 with 



lime-,0 ||/ e - /II =0. 




and 
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such that (A?,u 2 ,h 2 ) / and (A?,u 2 ,h 2 ) / (A 2 u 2 , h 2 } 2 . Then ||Qi — Q 2 || < |<5, (Aju 2 ,h 2 ) / 0, 
and (A\u 2 ,h 2 ) / (Aiu 2 ,h 2 ) 2 . If (Alu 2 , h 2 ) / and (Alu 2 ,h 2 ) / (^3^2, fo) 2 , then we are 
done since \\P — Q 2 \\ < |<5; if (A 2 u 2 ,h 2 ) = or (A 2 u 2 ,h 2 ) = (Asu 2 , h 2 ) 2 , one may repeat 
the above process and find Q3 = 113 h% such that \\Q 2 — Qs\\ < ^5, (A 2 us,h^) / and 
(A 2 U3,hs) / (AiU3,fi3) 2 for all i = 1,2,3. Consequently, we get the desired Q = Q3 as 
HP-Qsll <<*■ ■ 



Lemma 3.8. Let X be a Banach space of dimension at least 2. Let P,Q in X\{X) be such 
that a(PQ + QP) = {0}. Then PQ = = QP if and only if there does not exist R in Ii(X) 
such that (PR + RP)/2, (QR + RQ)/2 G li(X). 



Proof Let P, Q G Ti(X) such that PQ 
that P and Q have operator matrices 



= QP. Then there is a decomposition of X so 



diag (1,0)0 and diag (0,1)©0. 

Then for any R G T X (X) such that (Pi? + RP)/2 G li(X), the (1, 1) entry of the operator 
matrix of R equals 1, and the off-diagonal part of the first row or the first column of the 
operator matrix of R must be zero to ensure that PR + RP has rank one. Hence, R has 
operator matrix 

1**\ /100 

or 




V 








Similarly, if (QR + RQ)/2 G 1\(X), then R has operator matrix 



/ \ 

* 1 * 

\ / 



or 



/ * \ 
1 

\ * / 



Thus, we cannot have R G T\(X) such that both (PR + RP)/2, (QR + RQ)/2 G li(X). 

Conversely, suppose P, Q G li(X) are such that a(PQ + QP) = {0}. If PQ / or QP / 0, 
then there is a decomposition of X so that P has operator matrix diag (1,0) © and Q has 
operator matrix 





( ° 


1 


o\ 




f 





o\ 







1 





or 


1 


1 







I 





) 




I 





/ 


Let R have operator matrix 
















( 1 





o\ 




f 1 


1 


\ 




1 








or 













I 





) 




I 





/ 
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Then PR + RP has operator matrix 




and QR + RQ has operator matrix 




or 



or 



Hence, (PR + RP)/2, (QR + RQ)/2 G li(X). 




/ 1 1 \ 
1 1 

V o o o / 



For a Banach space X and a ring automorphism r of C, if an additive map T : X — > X 
satisfies T(Xx) = t(X)Tx for all complex A and all vectors x, we say that T is r-linear. The 
following result can be proved by a similar argument as the proof of the main result in [18J; 
see also Lemma 3] and |19|, Theorem 2.3, 2.4]. 

Lemma 3.9. Let X and Y be complex Banach spaces with dimension at least 3. Let $ : 
X\(X) — >X\(Y) be a bijective map with the property that 

PQ = QP = if and only if $(P)$(Q) = <S>(Q)$(P) = 

for all P,Q in Z\(X). Then there exists a ring automorphism r of C such that one of the 
following cases holds. 

(i) There exists a r-linear transformation T : X Y satisfying 

§(P)=TPT- 1 for all P £li(X). 

(ii) There exists a r-linear transformation T : X* — > Y satisfying 

$(P)=TP*T- 1 for all P £li(X). 



If X is infinite dimensional, the transformation T is an invertible bounded linear or conjugate 
linear operator. 

We are now ready to complete the proof of Theorem 13.11 Recall that s > r > and 
m = r + s + l>2, and we assume from now on that X<i has dimension at least 3. 

Proof of Theorem \3.1\ Recall that satisfies condition (I3.1j) . 

Claim 1. <3? is injective, and $(0) = 0. 
It is just Corollary 13.41 

Claim 2. If A £ A± is a nonzero multiple of a rank one idempotent, then so is ^(^4). In 
particular, if P G Ti(X\), then &(P) = /J-R such that R G Zi(X2) and [i m = 1. When 
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s > r > 0, the map <I> also sends square zero rank one operators to square zero rank one 
operators. 

Let A ^ be a nonzero multiple of an idempotent, say A = aP, where 0/a£C and P 
in A\ is a rank one idempotent operator. For any D in Ai of rank at most 3, there is C in 
A\ such that <3?(C) = D. By equation (|3.1|) we have 

o{D r $>{A)D s + L> s $(yl) J D r ) = a(C r AC s + C s AC r ), 

which contains and has at most 2 nonzero elements. Putting B = A in equation ()3. 1[) . 
we have a'(2$( J 4) m ) = <r(2yl m ) ^ {0}. Applying Lemma [2TT1 or Corollary 12.31 depending on 
s > r > 0, or s > r = 0, we see that $(A) is a nonzero multiple of rank one idempotent. 
Thus <3? preserves nonzero multiples of rank one idempotents. If P in Ai is a rank one 
idempotent, then &{P) = ^t-R, where R in ^,2 is rank one idempotent and [i € C. Since 
a(2P m ) = a(2^(P) m ), we see that ^ m = 1. The last assertion follows from Lemma 12. II and 

(33D. 

Suppose that s > r > 0. In this case, 3> sends rank one operators to rank one operators by 
Claim 2. Observe that if <3?(x (g) /) = y <S> 5, by (|3.ip we will have 

(3.3) ($( J Br +s y,< 7 > = <^ +s x,/) 

(3.4) <y,«7> r+ - 1 = (x,/)^ 1 (&,/) , VBGiL 
Setting A = B = x® f, we also have 

(3.5) < y , 5 r s+i = <*,/r s+i . 

With these three conditions f)3.3[) . (|3.4j) and (|3.5p in hand, we can now utilize the proof of [T2"l 
Theorem 2.5] to arrive at the desired assertions of Theorem 13.11 

Conclusion I. From now on, we know that the case s > r > is done. 

However, since we shall use some arguments below in the next section, the case s > r > 
is still considered until we reach Conclusion II in the following. 

Claim 3. $(ai) = a$(A) holds for all A in l\(Xi) and a in C. 

Denote $(A) = C. Then, for any B £ A\, we have 

a(<S>(B) r <S>(aA)<S>{B) s + <S>(B) s <S>(aA)<S>(B) r ) 
= a(B r (aA)B s + B s {aA)B r ) 
= o-{a<5>{B) r <$>(A)<$>(B) s + c&{B) s ${A)${B) r ) 
= a(<S>(B) r (aC)<S>{B) s + <5>(B) s (aC)<S>(B) r )). 

Since &(A\) contains Ti(X2), Lemma 13.31 implies Q>(aA) = aC = a$(A). 

Claim 4. Suppose $(A) is a rank one idempotent. Then A 2 7^ 0. 

In the case s > r > 0, it follows from Lemma 12.11 and (|3.ip that A has rank 1. Then by 
(|3,ip again, A could not have zero trace. Thus A 2 7^ 0. 
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Next, we shall see that it is impossible to have A 2 = when s > r = 0, either. Assuming 
A 2 = and noting that A ^ 0, we would have a nonzero x in X\ such that {x, Ax} is linearly 
independent. Let B = x <g> / be any rank one idempotent on X\ with (Ax, /) = 1, and thus 
A^-B) = y (g) 5 E Xi(X2) is a rank one idempotent on X2 with some scalar A such that A m =l. 
If Ai? + BA is of rank 1, then either {x,Ax} is linearly dependent or {/, A* f} is linearly 
dependent. However, A 2 = would then establish a contradiction x = or / = 0. On the 
other hand, as its trace 2 (Ax, f) = 2, the Jordan product AB + BA has exactly rank 2. By 
Lemma 13.6( 2). we see that AB + BA cannot have two distinct nonzero eigenvalues. This 
forces 

(3.6) a(AB + BA) U {0} = {0, 1} = a (<f>(A)<f>(B) + U {0}. 

As <3?(A) is a rank one idempotent, Lemma l3.6( 1) implies that &(A)<&(B) + <&(A)<&(B) cannot 
have a nonzero repeated eigenvalue. Therefore, <I>(yl) ( I>(i?) + <&(A)<&(B) has rank 1. Con- 
sequently, {y,Q(A)y} or {g, ^(A)*^} is linearly dependent. Since <&(A) is an idempotent, 
we have exactly y = &(A)y or g = <&(A)*g. Computing trace in (j3.6|) . we have the absurd 
equality 1 = 2A (y,g) = 2A with X rn = 1. 

Claim 5. Let $(C) = $(A) + ${B). If rs / 0, then C = A + B. If rs = 0, i/ien together 
with A 2 ^ 0, B 2 ^ and C 2 ^ ; if impZies C = A + 

Let = ^(A) and W = <&{B). For any rank one idempotent P E Ai, by Claim 2, 
Q = A3>(P) is a rank one idempotent for some scalar A with X m = 1. It follows from (|3.ip 
that 

a(X(Q r (W + W')Q S + Q S (W + W')Q r )) = a(P r CP s + P s CP r ), 
a(X(Q r WQ s + Q s WQ r )) = a(P r AP s + P s AP r ), 

and 

<j(A(Q r WQ s + QWg r )) = o-{P r BP s + P s PP r ). 

If rs 7^ 0, then the traces of the operators in each side of above equations are the same. 
This leads to 

tr(PCP) = tv(XQ(W + W')Q) = tr(P(A + B)P) 

for all rank one idempotents P in A\. Hence we have C = A + B by Lemma 13.31 

Assume rs = 0. Then, for those rank one idempotent operators P E Ai such that every 
one of CP + PC, AP + PA and BP + PB has two distinct nonzero eigenvalues, applying 
(|3.ip and then taking trace, we have 

(3.7) tr(PC) = tr(P(A + B)), 

By assumption, A, B and C are non square-zero. Lemma 13.71 ensures that f)3.7|) holds for a 
dense set of rank one idempotents P in A\. As a result, C = A + B. 
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Claim 6. There exists a scalar X with X m = 1 such that A" 1 ^ sends rank one idempotents to 
rank one idempotents. 

Let / be nonzero in X*. Assume (x\, f) = (x2, f) = 0, and $(xi /) = A]Pi, $(x2 /) = 
A2-P2, and ^(( Xl ~^ X2 ) /) = A3P3 for some rank one idempotents Pi,P2j-f3 and scalars 
Ai, A 2 , A3 with A™ = A™ = A3 1 = 1. By Claims 3, 4 and 5, we have 

2A3P3 = A1-P1 + A2-P 2 - 

Comparing traces, we have 

2A3 = Ai + A 2 . 

Since Xf = Xf = X m = 1, we have 

Ai = A2 = A3. 

Denote this common value by A/. Similarly, for any nonzero x in X% we will have an mth 
root X x of unity depending only on x such that 

for some rank one idempotent Q x ®f whenever f(x) = 1. 

Now consider any two rank one idempotents cci /1 and X2 <8> /2 in We write xi /1 ~ 
a^2 /2 if there is a scalar A with A" 1 = 1 such that X&(xi /j) is a rank one idempotent for 
z = 1,2. In case a = (xi, fz) 7^ 0, we see that 

f ^ 

X\ fx ~ X\ — = /2 ~ X 2 /2- 

In case (xi, /2) = (X2, /1) = 0, we also have 

X\ /l ~ (Xi + X 2 ) /l ~ (Xi + X 2 ) /2 ~ X 2 /2- 

Conclusion II. Claim 6, without loss of generality, we assume that & preserves rank one 
idempotents. By Conclusion I, it suffices to deal with the case s > r = in the sequel . 

Claim 7. If&(A) E A2 is a rank one idempotent, then A S A\ is a rank one idempotent. 

Suppose 3>(.A) is a rank one idempotent. If A is of rank one, then Claims 1 and 3 ensure 
that A is a rank one idempotent. Now we suppose A has rank at least 2, and we want to 
derive a contradiction. Note that A 2 7^ by Claim 4. 

Case 1. Suppose there is an x in X\ such that {x,^4x,^4 2 x} is linearly independent. Let / 
in X* be such that (x,/) = (Ax,f) = 1, but (A 2 x,f^ ^ or 1. Lemma I3.6l f2) ensures that 
A(x /) + (x f)A has 2 distinct nonzero eigenvalues, and so has $>(A)(y g) + (y g)Q(A) 
by (|3.ip . where y ® g = 3>(x /) is a rank one idempotent. Comparing traces, we have 
(&(A)y,g) = (Ax,f) = 1. This contradicts to Lemma 13. 6( 2). however. 

Case 2. Suppose {x,^4x,j4 2 x} is linearly dependent for all x in X\. Hence, by Kaplansky's 
Lemma (|151 [T]) there are scalars a, b, c, not all zero, such that aA 2 + bA + d = 0. 
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Subcase 2a. If A has rank 2 then A has nonzero eigenvalues a±,a 2 (maybe equal). With 
respect to a suitable space decomposition, we can assume 



A 



( a x \ 
a 2 

\ o oo/ 



or A 




Then 



A = aiei (g) ei + «2e2 <8> e2 or A = aiei ® ei + ai( h e2) 



e2- 



By Claims 3 and 5, and Conclusion II, the rank one idempotent 

®(A) = $(aiei (8 ei + (8) e2) 

= ai$(ei (8) ei) + a 2 <fr(e 2 (8) e 2 ) 

= oL\y\ ®gx + "22/2 <8 2/2, 

in the first case with rank one idempotents y\ (8 gx = $(ei ® ei) and 7/2 <8 52 = $(^2 ® e2). 
Observing ranks, we see that {2/1,2/2} or {271,2/2} is linearly dependent. On the other hand, 
as (ei,e2) (e2,ei) = we see by ()3.ip that (2/2,2/1) (2/1,2/2) = 0. This eventually gives the 
contradiction 1 = (2/1,2/1) (2/2, 272) = 0. The second case is similar. 

Subcase 2b. Assume ^4 has rank at least 3. Since A is quadratic, each Jordan block of A 
has order either 1 or 2. Consider the case 

(ax 1 \ 

a x 

a 2 

\ * 

Here the nonzero eigenvalues ai, a 2 of ^4 can be equal. Then 

Ae\ = aei, Ae 2 = &x + «ie2 and Ae 3 = 0263. 

Observe 

A(e\ (8 ei) + (ei (8 ei)A = ei (8 (2a\ei + e 2 ), 
A(e 2 <8 e 2 ) + (e 2 (8 e 2 )A = (ei + 2aie 2 ) <8 e 2 , 

and 



.4 



/ 



A(e 3 (8 e 3 ) + (e 3 (8 e 3 )A = 2a 2 e 3 (8 e 3 . 

Consider the rank one idempotents <&(A) = y (8 g, and $>(ej (8 ej) = 2/i <8 27« for i = 1,2, 3. By 
(|3.ip . we see that 

® s)(l/< ® ffi) + (tfi ® ® 5)) U {0} = {0, 2ai} or {0, 2a 2 }, for i = 1,2, 3. 
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In particular, by Lemma |3.6( 1). 

(3.8) (Vi,g) (y, 9i) = a\ or a 2 , is not zero, for i = 1, 2, 3. 

But as (ej, ej) (ej, e{) = 0, we have 

{Vh 9j) {yj,9i) = whenever i ^ j. 

On the other hand, Lemma l3T6lf l) and (|3.8p force all {y(3g){yi®gi) + {yi®gi){y®g) have rank 
one. Consequently, {yi,y} or {g,gi} is linearly dependent for each i = 1,2,3. Eventually, we 
might have two of 51,52,53 are linearly dependent, or two of 51,(72,53 are linearly dependent. 
Suppose 2/1,2/2 are dependent. Since 51(2/1) = 52(2/2) = 1, we see that (2/1,52) (2/2,51) = 0, 
which is absurd. We shall reach other contradictions similarly for other possible situations. 
Analogously, we can also derive a contradiction when we are dealing with the case 
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This completes the verification of Claim 7. 

Claim 8. One of the following statements is true. 

(i) There exists a bounded invertible linear operator T : X\ 

$(x®/) = T{x®f)T- 1 



X? such that 



for all x € X\, f € X{ with (x, f) = 1. 
(ii) There exists a bounded invertible linear operator T : X^ — > X2 such that 
<f>(x ® /) = T(x (8) fYT- 1 for all x € X%, f G X{ with (x, /) = 1. 

Since $ preserves rank one idempotents in both directions, by use of Lemma [3.8l it is easily 
checked that P,Q G Ii(X) satisfy PQ = = QP if and only if $(P)$(Q) = = $(Q)$(P). 
Thus we can apply Lemma 13.91 to conclude that (i) or (ii) holds, but with T a T-linear for 
some ring automorphism r of C. 

Next we prove that r is the identity and hence T is linear. For any a £ C \ {1, 0}, let A 
and B have operator matrices 



and 





Then AB + BA has two distinct nonzero eigenvalues summing up to 2a. Since 



a{AB + BA) = a{<S>(A)<S>(B) + $(B)$(A)) 
= a(T(AB + BA)^ 1 ) = {r(f ) : f G (i(AB + BA)}, 
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we see that 

2a = tr (AB + BA) = tr + $(5)$(A)) = tr (T(AB + Svl)^ 1 ) = 2r(a). 

Hence r(a) = a for any a G C. It follows that T is an invertible bounded linear operator. 

Claim 9. <3? has the form in Theorem \3.1\ 

Suppose (i) in Claim 8 holds. Let A S A\ be arbitrary. For any x £ Xi and / £ X\ with 
(x, /) = 1, the condition (|3.ip ensures that 

a{{T- l <5>(A)T){x ® f) s + (x ® /^(T^S^T)) 
= fj(T[r- 1 $(v4)T(x ® /) s + (x ® fYT-^AfflT- 1 ) 
= o-(A(x® f) s + (x® f) s A). 

Hence, by Lemma 13.31 we have 

9(A) = TAT' 1 

for all A in At, that is, $ has the form (1) in the theorem. 

Similarly, one can show that has the form (2) if (ii) of Claim 8 holds. ■ 

4. Generalized Jordan product spectrum preserving maps of self-adjoint 

operators 

Let H be a complex Hilbert space and S(H) be the real linear space of all self-adjoint 
operators in B(H). Note that S(H) is a Jordan algebra. In this section we solve the problems 
discussed previously for maps on S(H). Our results refine those in [7]. 

Theorem 4.1. For i = 1,2, let Hi be a complex Hilbert space, and S(Hi) be the Jordan 
algebra of all bounded self-adjoint operators on Hi. Consider the product T\ o • • • o T^ defined 
in Definition \l.l\ Suppose $ : S(H{) — > S^Hz) satisfies 

(4.1) a(^(A 1 ) o $(A 2 ) o • • • o $(Ak)) = cr(Ai o A 2 o • • • o A k ), 

whenever any one of the Ai 's has rank at most one. Suppose further that the range of (ft 
contains all self-adjoint operators of rank at most 3. Then there exist a scalar £ in {—1,1} 
with £ m = 1 and a unitary operator U : Hi — > H 2 such that either 

= £UAU* for all A in S(Hi), 

or 

9(A) = £,UA l U* for all A in S(Hi), 

where A 1 is the transpose of A for an arbitrarily but fixed orthonormal basis. 

To prove Theorem 14.11 it is important to characterize rank one operators in terms of the 
general Jordan products of self-adjoint operators. We have the following lemma. 
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Lemma 4.2. Suppose s > r > is a pair of nonnegative integers. Let H be a Hilbert space of 
dimension at least three, and letO 7^ A 6 S(H). Then the following statements are equivalent. 

(a) A has rank one. 

(b) For any B G S{H), a(B r AB S + B s AB r ) contains and at most two nonzero elements. 

(c) There does not exist B E S{H) of rank at most three such that B r AB s + B s AB r has rank 
at most three and a(B r AB s + B s AB r ) contains three distinct nonzero elements. 

Proof. The implications (a) =4> (b) =4> (c) are clear. To prove (c) =4> (a), we consider the 
contrapositive. Suppose (a) does not hold. Assume rs ^ 0. If A has rank at least 3, then 
there are vectors xi,X2,x% such that {Axi, Ax2, Ax^} is linearly independent. Extend an 
orthonormal basis for [x±, X2, X3, Axi, Ax2, Ax%] to an orthonormal basis for H. Then the 
operator matrix of A with respect to this basis has the form 



/ A n A 12 \ 

\ A* 12 A 22 J ' 

where An = A^ is the compression of A on the subspace [x\, X2, X3, Ax\, Ax2, Ax^}. By 
|12} Lemma 2.3], we can choose an orthonormal basis for [x±, X2, X3, Ax±, Ax2, Ax%] so that 
the leading 3x3 matrix of An equals diag (a±, a%, as) for some nonzero scalars 01,02,03. 
Now construct B so that the operator matrix of B using the same basis as that of A equals 
diag (1, 62, 03) © 0© so that a%, a2&2 +S ; a 3°3 +s are distinct nonzero numbers. Then B r AB s + 
B s AB r has rank 3 with three distinct nonzero eigenvalues. 

Next, suppose A has rank 2. Choosing a suitable basis, we may assume that A has operator 
matrix diag (a, b, 0) © 0. Construct B with operator matrix [d] B\ © 0, where 



£1 



Compute 




B\ 



Now, if 7 = 2 r and 5 = 2 s then 





fe = 1,2, 



B[ 



1 \ . . / 1 

B{ + B{ 
0/ \ 



B\ 



>r+s— 1 



( 7 + l)(<5 + l) 70-I 
7^-1 ( 7 -l)(«-l) 



has determinant — 4 r+s_1 (7 — 5) 2 < 0. So, it has a positive and a negative eigenvalue, say, fj, 
and v. Thus, we can choose d so that B r AB s + B s AB r has three nonzero distinct nonzero 
eigenvalues: 2ad r+s , bfi, bv. 

Next, suppose s > r = 0. If A has rank 2, then A has an operator matrix of the form 
diag (01, 02, 0) © for some nonzero real numbers 01,02- Let b > be such that 2b s a\ 7^ 
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02(1/2 ± l/\/2). Suppose B G is such that B and ^4i? s + .BM have operator matrices 



/ b 
1/2 1/2 

\ 1/2 1/2 



and 



/ 2 ai b s 


V 



\ 

a 2 a 2 /2 
a 2 /2 / 



Then ^4i? s + B S A has rank 3 with three distinct nonzero eigenvalues 2b s a\, a 2 (l/2 + 
and a 2 (l/2 - l/v^)- 

Now, suppose A has rank at least 3. If A = XI, then let B have operator matrix 
diag(l,2,3) © with respect to some orthonormal basis for H. Then B has rank 3 and 
AB S + B S A has rank 3 with three distinct nonzero eigenvalues A, 2 S A, 3 S A. So, assume A is 
non-scalar. Thus, there is a unit vector xi £ H such that Axi = a\X\ + a 2 x 2 with a\ / and 
a 2 > 0, where x 2 is a unit vector in [x\] L . Let Ax2 = b\X\ + 6 2 x 2 + 63X3 with 63 > 0, where 
X3 is a unit vector in [xi,x 2 ]- L . We consider two cases. 

Case 1. If 63 > 0, then the operator matrix of the self-adjoint operator A with respect to 
an orthonormal basis with {xi,x 2 ,X3} as the first three vectors has the form 



/ Cli 

02 


V 



a-2 
b 2 
h 




\ 

63 

* * 



Let B have operator matrix 7 2 © 0. Then AB S + B S A has an operator matrix of the form 
Ci © 0, where 



Ci 



/ 2ai 2a 2 \ 

2a 2 26 2 63 
V 63 / 



Note that det(Ci) = — 20163 7^ 0, and Ci — XI has rank at least two for any eigenvalue A as 
the 2x2 submatrix at the right top corner is always invertible. So, C\ is invertible and has 
three distinct nonzero eigenvalues. Hence, AB S + B S A has rank 3 with three distinct nonzero 
eigenvalues. 

Case 2. Suppose 63 = 0. Then [xi,x 2 ] is an invariant subspace of A. Since A has rank at 
least 3, there is a unit vector X3 in H such that Ax 3 7^ and ^4x3 G {xi, x 2 } ± . 

Subcase 2a. If [xi,x 2 ,x 3 ] is an invariant subspace of A, then with respect to an or- 
thonormal basis for [xi,x 2 ,X3] and its orthonormal complement, A has operator matrix 
Ai © A 2 , where A\ in M 3 has rank at least 2. If A\ has rank 3, we may assume that 
A\ = diag (ai, a 2 , 03). We can choose B with operator matrix diag (61, 6 2 , 63) © for some 
suitable 6i,6 2 ,&3 so that AB S + B S A has rank 3 with three distinct nonzero eigenvalues 
2ai6f , 2a 2 6|, 2a3&|. If A\ has rank 2, we may assume that A\ = diag (ai, a 2 , 0) and continue 
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exactly as when A has rank 2. Then choose B with operator matrix 

/ b \ 

1/2 1/2 eo 
V 1/2 1/2 / 

so that 2b s a± ^ 02 (1/2 ± l/y/2). Then AB S + S s j4 has rank 3 with three distinct nonzero 
eigenvalues 26 s ai / 02(1/2 ± \j\J~2). 

Subcase 2b. Suppose AC3 = C3X3 + C4X4 so that C4 > and {x\, X2, X3, X4} is an or- 
thonormal set in H. If Ax^ = (I3X3 + (^4X4 + ^5X5 so that {x^, X4, X5} is an orthonormal set 
in H and > 0, then we are back to Case 1 with (x\,X2) replaced by (xs, £4). We thus 
assume that [x±, X2, £3, X4] is an invariant subspace of A. With respect to an orthonormal 
basis for [x\, X2, X3, X4] and its orthonormal complement, A has operator matrix ^3 © A4, 
where A3 G M4 is self-adjoint and has rank at least 2. We may assume that ^3 is in diagonal 
form with at least two nonzero diagonal entries. Using a similar argument as in Subcase 2A, 
we get the desired conclusion. ■ 



Proof of Theorem \4-l\ Assume that $ satisfies (14. 2D . Let 

r = min{p — 1, m — p} and s = m&x{p — 1, m — p}. 

In particular, r + s = m— 1. It suffices to prove a special case of Theorem l4.H as that Theorem 
13. II to Theorem 11.21 in last section. More precisely, we assume the condition 

(4.2) o-(<S>(B) r $(A)<£>(B) s + $(B) s $(A)$(B) r ) = a(B r AB s + B s AB r ) 

holds whenever A or B in S(Hi) has rank at most one. The case s = r has been done in |12j . 
Hence, we assume s > r > 0. Arguing similarly as in the beginning of the proof of Theorem 
13. H we can verify the case dim H2 < 2. Therefore, we assume the dimension of the Hilbert 
space H2 is at least three in the sequel. 

Claim 1. $ is injective, and $(0) = 0. 

This works out similarly as in Corollary 13.41 

Claim 2. $ sends rank one self-adjoint operators to rank one self-adjoint operators. 

This follows from (|4.2p and Lemma 14.21 Indeed, every rank one self-adjoint operator has 
the form ± x © x. So, <&(x <g) x) = X x y x (g> y x for some X x G {—1, 1} and y x G H2. Since 

{2||x|| 2m , 0} = a(2(x x) m ) = o-(2$(x © x) m ) = {2\™\\y x \\ 2m , 0}, 

we see that is an mth root of the unity and \\y x \\ = \\x\\. 

Claim 3. <I> is real homogeneous; and if ^{C) = $>(A)+$>(B) thenC = A+B. Moreover, there 
is a fixed X, being either +1 or —1, such that for every x in Hi we have <3?(x (g) x) = \y x (g> y x 
with \\y x \\ = \\x\\. 
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The assertions follow from arguments similar to, and a bit easier than, that in Claims 3, 5 
and 6 in the proof of Theorem 13.11 in last section. 

Claim 4. $ has the form stated in the theorem. 

Let x,x' be two nonzero vectors in Hi, and x (8 x and x' (8 x' be the associated rank one 
self-adjoint operators, respectively. By (|4,2p . and Lemma 13.61 when s > r = 0, we see that 

tr ® x)<&(x' ® a/)) = tr ((x (8) a;) (a:' ® a/)), 

or 

(A^, Ajg/yj./) = (x,x') . 

This gives 

I {yx,Ux') I = I (x,x'} |, for all nonzero x,x G .Hi. 

If follows from the Wigner's Theorem [10] that there exist a modular one function £ : iTi — > C 
and a linear or conjugate linear isometry U : Hi — > H2 such that 

Vx = £,(x)Ux, Vx E Hi. 

By Claim 3, we see that all £(x) equal a constant £ 6 {— 1, +1}, and 

3>(x <8 x) = £Ux ®Ux for all rank one projection x x on Hi. 

Moreover, (|4.2f) ensures that £ m = 1. Because the range of <& contains all rank one self-adjoint 
operators, by (|4.2p we can see that £/ has dense range, and thus U is a unitary or a conjugate 
unitary operator. 

In general, for any A in S(Hi), let Ai p = A and Ai q = x ® x with = 1 if q 7^ p, and 
substitute them into (|4.2p . Since both A and $(^4) are self-adjoint, we see that 

o-(£ m - 1 ((x (8) x) r ?7*<I>(^)C/(x x) s + (x® x) s U*$(A)U(x x) r )) 
= a{(x (8) x)M(x (8 x) s + (x (8 (8 x) r ). 

By Lemma 13.61 and comparing traces, we get $(^4) = £UAU* for all A in S(Hi). If C7 is 
a conjugate unitary, take an orthonormal basis {ej} of i?i and define a conjugate unitary 
J : Hi ^ Hi by J : e j ^ Ej £i e j and let V = UJ - Then ^ is unitary and J A* J = A 1 . 
Thus, = FA'y* for all A in S{H\). * 
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O"' 

Regarding our paper pQ, Jianlian Cui pointed out that some arguments in the proof of 
Theorem 3.1 are not entirely clear and accurate. Here we supply some details. 

Theorem 3.1. (pQ) Suppose a map : A\ — > A2 between standard operator algebras satisfies 
(3.1) o-(&(B) r &(A)&(B) s + <S>(B) s $(A)<£>(B) r ) = a(B r AB S + B s AB r ), 

whenever A or B has rank at most one. Suppose also that the range o/<3? contains all operators 
■<t^ in A2 of rank at most 3. Then one of the following two assertions holds with m = r + s + 1. 

(1) There exist a scalar X with X m = 1 and an invertible operator T in B(Xi,X2) such that 

9(A) = XT AT' 1 for all A in A\. 

(2) The spaces X\ and X2 are reflexive, and there exist a scalar X with X m = 1 and an 
invertible operator T € B(Xl,X2) such that 



9(A) = XTA*T- X for all A in A\. 



(N 
> 

CO 
00 

Some modifications in the proof of Theorem 3.1. First, remove the paragraph "In the case 
s > r > 0, .... Thus A 2 ^ 0" after Claim 4, as we do not need this in the proof. 

Claim 6. There exists a scalar X with X m = 1 such that A _1 $ sends rank one idempotents to 
rank one idempotents. 



First line of the proof should be "Let / be nonzero in X^. Assume (x\, f) = {x2,f} = 1". 
If rs 7^ 0, the original proof works. In case s > r = the proof can continue as follow. "By 
Claim 2, ® /) = Aiyi <g> gi and $(x 2 ® /) = X 2 y2 ® #2, where 51(2/1) = 52(2/2) = 1 and 
A* +1 = Ag +1 = 1. Using the spectrum equation (3.1) we have 

0-(AfA 2 (51(2/2)2/1 ®52 + 52(51)52 ®5i)) 

= cr(A2Ai(5 2 (yi)2/ 2 ®5i +51(52)51 <S> 92)) 

= o-({x x f){x 2 /) + (x 2 ® f){x x ® /)) 

= {0,2}. 

By Lemma 3.6(1) and computing traces, we would have 

A1A251 (52)52 (51) = A1AI51 (52)52(51) = 1- 
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In particular, Af = A 2 .. Suppose Ai = — A2- Then we have <?i (2/2)52(2/1) = — 1, and by Lemma 
3.6(2), we will get a contradiction. So Ai = A2." At this point we can go back to the original 
proof again. 

Claim 7. If <&(A) € Ai is a rank one idempotent, then A £ A± is a rank one idempotent. 
Assume that &(A) is a rank one idempotent. Suppose A is not a rank one idempotent. 

Case 1. As is. 

Case 2. Suppose {x, Ax, A 2 x} is always linearly dependent. Then by Kaplansky's result, A 
is a quadratic operator, i.e., there is a, 6 such that (A — aI)(A — bl) = 0. Then with respect 
to a suitable space decomposition of X\, A has an operator matrix of the form 

ai T 
bl 

where T may be assumed to be zero if a 7^ b. 

If A has rank one, then A has operator matrix [a] © 0. By Claim 3, we have a = 1 and we 
are done. So, assume that A has rank at least two. If a, b are distinct, we may assume that 
a / and the null space of A — ai has dimension at least 2 as X\ has dimension at least 
3. Moreover, we may assume that A has operator matrix a/© bl. Suppose B\,B2, -B3 have 
operator matrices 

1 0\ n {0 0\ n 1/1 1\ 

or°< (0 J® ' and Hi J® ' 

we see that a{B s -A + AB S -) = {2a, 0} and 3>(Bj) is a rank one idempotent for j = 1, 2, 3. 

Note that all &(A), $(-62) and ^(B^) are rank one idempotents, and thus we can 

find a subspace V of X2 of dimension at most 4 such that in a suitable space decomposition 
X2 = V © V' these operators can be written as direct sums of 4 x 4 matrices and zero. So we 
might assume that X2 has dimension at most 4 in the following discussion. 

Assume that $>(A) and &(Bi) have operator matrices 



[1] © and 



respectively, such that b n + 6 22 = 1 and 611622 = 612621- Then &(Bi) s ®(A) + $(A)$(Bi) 
has operator matrix 

'2&ii 612 6i 3 N 

621 ) ©0 with spectrum equal to a{B 1 A s + A S B 1 ) = {2a, 0}. 


It follows that (i) bn = a, 612621 = 0, or (ii) bn = 2a and 612621 = —4a 2 . If (ii) holds, 
then 622 = 612621/611 = —2a. But then $>(Bi) has trace zero, which is impossible. Thus, (i) 
holds with a = 1. By Corollary 3.4, <&(Bi) ^ $(A), we may thus assume that with a space 



611 


612 


6is\ 




621 


622 


623 


©0 
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decomposition X2 = spanjx} © V\, $(-Bi) has operator matrix 



Mi = or M 2 





Next, we turn to &(Bj) for j = 2, 3. Similarly, with a space decomposition X2 = span {x}ffi Vj, 
we can assume that the operator matrix of <&(A) has the form [1] © 0, and &(BJ) have the 
form Mi or M 2 . Now, let Sj = [1] © Tj, where Tj is an operator of changing a basis for V\ 
to a basis for Vj. Then we see that the operator matrix of &(Bj) with respect to the space 
decomposition span {2;} © V\ has the form Sj 1 MxSj or SJ M%Sj. Hence, with respect to the 
space decomposition span {x} © Vx, A has operator matrix [1] © 0, and for j = 1, 2, 3, $(Bj) 
has operator matrix 

(0-1) (I X A or fl ° 



J \Yj 

where Xj,Yj are rank one operators. But then there are two distinct elements j, k € {1, 2, 3} 
such that both <&{BJ) and <&(Bk) have operator matrices in upper or lower triangular form. 
It follows that 

^(BjY^B^ + <f>(B k )<f>(Bjy) = {2,0} + a{B s 3 B k + B k B'j), 
which is a contradiction. 

Next, suppose a = b. Then A has an operator matrix ( ° 1 ] for some operator T. 



a/ 2 , 

By claim 4, we see that A 2 ^ and thus o / 0. Let Bx,B2,B^ have operator matrices 
diag (1,0,0) ©0, diag (0,1,0) © 0, diag (0, 0, 1) © 0. Then a(^(A)^(Bj) s + $(5,) S $(A)) = 
a{AB s - + B?A) = {2a, 0}. Using argument as before, we see that ${BJ) has operator matrix 
of the form (|0.1j) . and there are distinct elements j, A; S {1,2,3} such that cr(<I>(i?j) s <I>(i?fc) + 
$(B fc )S(Bi)') = {2, 0} / ^(.BjSfc + which is a contradiction. ■ 

To prove Claim 8, Lemma 3.8 in the paper [TJ should be replaced by the following. 

Lemma 3.8. Suppose dinxX > 3. Let P, Q € T\(X). Then PQ = = QP if and only if 
there is B G B{X), which can be chosen to have rank 2, such that a(PB + BP) = {2,0}, 
a(QB+QB) = {-2,0}, anda{BR+RB) = {0} whenever R € I\[X) satisfies a (PR +RP) = 
a(QR + RQ) = {0}. 

Proof. Suppose P, Q in Ix(X) satisfy PQ = = QP. Then there is a space decomposition 
for X such that P and Q have operator matrices 

o) eo and (0 i) 00 - 

Using the same space decomposition, let B have operator matrix © 0. Then B has 

rank 2 such that a{PB + BP) = {2,0}, a(QB + J3Q) = {-2,0}. Consider any R in 
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such that a(PR + RP) = a(QR + RQ) = {0}. Using the same space decomposition as P and 
Q, we assume that R has operator matrix 

Ru R\2 
R21 R22 

where Ru is a 2 x 2 matrix . Since a(PR + PP) = cr(QP + RQ) = {0}, the (1, 1) and (2, 2) 
entry of Rn are both zero. Thus, R22 has trace one and rank one. We may then assume that 
R22 has operator matrix [1] © 0. As a result, we may assume that the operator matrix of R 
has the form R © 0, where R or P* has one of the following forms: 



with a = be. 



Consequently, a{BR + RB) = {0}. 

Conversely, suppose P,Q £ ^lPO sucn that P<2 / or QP 7^ 0. Then there is a space 

decomposition for X such that P has operator matrix Q ^ © and Q has operator matrix 

o\ „ /o i\ n 

1 1J 00 or (0 ij ea 

We assume that the former case holds. The proof for the other case is similar. Suppose there 
is a B in B(X) such that a{BR + RB) = {0} whenever R in Ii(X) satisfies a(PR + PP) = 
a(QR + RQ) = {0}. Using the same space decomposition as P and Q, we assume that B has 
operator matrix 

'Bn B\2 
K B2l P22/ 

where B\\ is a 2 x 2 matrix . 

First, we claim that B22 = 0. If not, we may assume that the (1,1) entry of B22 is nonzero. 
If R has operator matrix 

'0 0\ 
©0, 
,0 l) 

we see that cr(PP + RP) = a{QR + RQ) = {0} / a{BR + RB). 

Next, we claim that B12 = 0. If it is not true, we can find a suitable space decomposition for 

X such that the rank one block B12 has the form \ ^ J , where the last column is vacuous 



if dim X = 3, and T has rank zero or one. But then if R G X\{X) has operator matrix 




we have tr (BR + RB) = 2 so that a(BR + RB) ^ {0}. Similarly, we can show that B 2 \ = 0. 
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All b 12 \ (° ° °\ 

Now, consider B\\ = I J . Let i? have operator matrix 1 1 ©0. We see that 

V 21 22/ \1 1/ 

a(PR + RP) = a(QR + = {0}. Because BR + RB has operator matrix 

f bi2 bi2 
b 22 6 2 2 


with trace 2b 12 and a(BR + = {0}, we see that b 12 = 0. Since, a(PB + = {2,0} 
and a{QB + BQ) = {—2, 0}, it follows that (bu, b 22 ) = (1, —1). Finally, for i? with operator 

matrix ^ ~^ © 0, we have a(PR + RP) = a(QR + RQ) = {0}. But then BR + has 

operator matrix 

which cannot be a nilpotent. ■ 
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